Physics of Semiconductor Devices in
Equilibrium

Review of Quantum Mechanics

On the atomic scale, deterministic classical mechanics breaks down and quantum mechanics is
required. However, we will be able to use quantum mechanics o derive approximations that can

be used in treating electrons in semiconductors as quasi-classical particles under many conditions.

' Begin with the time-dependent Schrédinger Equation, which is the fundamental relation

describing matter on the quantum scale:
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V(%) : potential field for eleciron

U(&,t): state funciion, solution to S's equation
Assume we can separate variables:
U(2,1) = $(Z)4(t)
Substituting into (1) and gathering time and position terms together:
SR v WS VR ks (2)
m 7

Since the left side depends only on position and the right only on time, for them to always be
equal they must both equal a constant. That constant is E, the total energy.

The time dependence is simple to calculate:
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since F = hv.




. The problem then becomes solving the time-independent Schrdinger Equation,

- %m + Ve = By (5)
Tile solutions depend on the form of the potential V' and the boundary conditions. In general,
only certain values of I (eigenvalues) allow solutions to the equation. Associated with the allowed
exilergy levels are wavefunctions 7 (eigenfunctions). Together they describe the possible states of
t}ile system.

! We can also compare to the classical case:

2
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We can make a direct analogy by using operators for the momentum:
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B.Iild the energy:
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| In contrast to a classical system, the solution to Schrédinger’s equation only gives a probability
density for the electron location.

i |¥(Z,t)|? : probability of finding electron at position ¥ at time ¢

We can describe a normalization condition, since the electron exists somewhere:
/_ T hdE=1

'z,b and its gradient must also be continuous since it describes a physical system.

" Because of the probabilistic nature of 4, only expected values for parameters such as position

or momentum can be determined. For example,
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Atomic Structure

An example of a potential for which the allowed energy levels and associated wavefunctions
c@n be determined is for atomic potentials. For the hydrogen atom (which can be done exactly,

see any modern physics text), the allowed electron energies are given by

4
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- The allowed states and associated wavefunctions can be described by 4 quantum numbers:
1. Principle quantum number: » = 1,2,3,...

" 2. Angular momentum quantum number: [ = 0,1,2,

A |
3. Magnetic quantum number: m = 0,41,+2,..., £

- 4. Electron spin: s = £1/2

. For hydrogen, the energy depends only on the principal quantum number n, but for multi-

electron atoms, where electron-electron interactions appear, the energy levels depend also on {

aﬁd m, breaking all but the spin degeneracy.

- Quantum mechanics further requires that each electron must have a distinct energy state

dnique solution) defined by a unique set of quantum numbers (Pauli exclusion principle).
inig q

- Silicon has its two inner shells {1s, 2s and 2p sub-

51:16115) totally filled. It’s outer shell has 4 electrons, 2 : . . 4!
m: 3s orbitals and 2 in the 6 3p orbitals. | . . 35
e e




Energy bands in solids
Materials may be classified as:
1. Amorphous: no long-range structure (i.e., glass)
2. Polycrystalline: many small ordered regions

3. Crystalline: long-range 3D order, a repeating unit cell

Irinportant semiconductor materials are primarily crystalline. Many of the important properties

oiI semiconductors are a result of the regular crystal lattice structure. The crystal structure

d(iatermines the potential V' seen by electrons in the structure.
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FIGURE 1-3
Unit cells of cubiccrystals: (a) simple cubic; (b) body-centered cubie, (c) face-centered cubic, {d) diamond, H EOL’H]_
(e) two penetrating fcc lattices in two dimensions, (f) zinc blende. 5 2
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Figure 1.19 Examples of Miller indices for various planes and directions in a cubic lattice.

The fixed position of atoms within the lattice and the bonding between neighbors determines

the material properties. The outermost or valence electrons play an essential role in determining

those properties.
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| Effect of Lattice.

Lower energy core states remain localized. Outer electron wavefunctions overlap and are
influence by the potential of neighbors. The outer valence electrons become delocalized and by
Pauli exclusion principle, the levels split into N sublevels (N is number of atoms in crystal). For
allarge crystal with N large, an essentially continuous band of allowed energies is formed (the

valence band).

—

The strength with which the outer or valence electrons are bound to the atoms determines
tlfle properties of the material. There are three basic types of materials distinguished by large

differences in electronic conduction.

C:onductor: Valence electrons are not bound but are free to move throughout the solid. Excel-

lent conductor: p ~ 107° Q-cm in metals.

Insulator: Valence electrons are tightly bound to the nuclei, not available for conduction: p ~

16 Q-cm in SiO,.

Semiconductor: Valence electrons shared in covalent bonds, less tightly bound, some may
become free due to thermal energy: p ~ 10° Q-cm in pure Si at room temperature (much

smaller in doped material).




Example of a Covalent Semiconductor: Silicon

By sharing each of its outer electrons with its 4 nearest neighbors, a group IV semiconductor

su‘.ch as silicon can complete its outer shell. These electrons are covalently bonded. They are not
tightly bound and (especially at high temperatures) can become free to contribute to electronic
cgé)nduction. In order to satisfy the Pauli exclusion principle, before electron sharing is possible,
or}ae of the 3s electron must move up to a 3p level. This costs some energy that is more than
cc;mpensated by the reduction due to the electron sharing. The resulting orbitals are described

as sp° hybrid orbitals and each arises from linear combinations of the s and p orbitals.

One way to visualize what happens as atoms are brought together to form a crystal is to
efgcé.miné theoretical calculations for the allowed energy bands as the silicon lattice distance is

refduced, starting with the essentia.lify isolated atoms.
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Figure 2-14 Theoretical energy-level scheme vs. atomic spacing for silicon.
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} Thermal energy breaks bonds liberating electrons and creating a “hole” or vacanct state.
|

Both the electron and the hole are mobile and contribute to conduction. Note that in a pure

|

semiconductor n = p. Since electrons are only allowed to exist in distinct energy levels, there

are allowed bands of energy states. Valence electrons exist in the valence band which is totally

full at 0°K since, by sharing, each atom has its outer shell full. The conduction electrons exist

111‘ the conduction band which has higher energies.
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FIGURE 1-8
Two- dlmensmna[ schematic representanons of erystal structure in silicon: (a) complete covalent bond

and (b) broken covalent bond. i

2N states
2N electrons

The probability of an electron getting sufficient thermal enefgy to get into conduction band

3 |
p ~ 1 for metals
p ~ 0 for insulators
0 < p <1 for semiconductors

Whether a material is an insulator, conductor or semiconductor can be inferred directly from

|
the band structure.

a}) Metal (b) Insulator {c) Semiconductor

{d) Semimetal (e} Metal




Example: Free Electron

Let’s look at a simple example, a free electron in 1D. For E > V;, we can let

¥ = (2m/K2)(E — Vy). (10)

Y(¢) = Aexp(jkz) + Bexp(—jke) (11)

When the time dependence is included, this solution is in the form of traveling waves in the
l
positive and negative direction, with constant amplitude everywhere (the electron is equally

likely to be anywhere). & = 2r/] is the wavenumber (the wavevector in 3D, & = (ks by, B2)).

thZ p2
o o (12)

F — Vg = Kinetic Energy =

Ak is called the crystal momentum, It will act like momentum in determining the response

to external fields and is conserved in phonon or photon interactions, but it is not the true

i

momentum which also responds to internal fields from the periodic potential.

For the free electron, there are no internal crystal fields so p = hk:

% ;o h 3 ,
~ /oo (Aexp(—gk:r:)) ;%(Aexpjkm) de

(p) = : : = hk (13)
/ (Aexp(—jkz)) (Aexpjkz) da
Real particle: wavepacket, infinite sum of waves which interfere
> = ¥
destructively everywhere but in a localized region. In the form of packet
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th)urier integrals:
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¥(a) = 5= [ AGK) expljke) dh
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Ay = <= [ p(e) exp(~ike) do

Ax -
In order to reduce Az, the range in k-values {Ak) must be increased. Figure 6.2. A wave packet:
a..q . . o —R
This is a restatement of Heisenberg’s uncertainty principle, AzAk> ﬁ,,i’é(;c ?

ia11_d follows directly from the wave nature of matter.

ja—y

| Velocity of particle = group velocity of wave packet envelope. Since v, = p/m and KE =
(£ = Vo) = p*/2m:

1 _O3(KE) OE-Vo) O0E 13E
T8 T & 3 hok

(14)

In 3D:

I(BE_, JF 8E_,) (15)

- — — 1 =2 — — - e -
U= Vol = Vil = et TR T ok

Equations (14) and (15) are valid in general, not just for a constant potential.
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- Nearly Free Electron Approximation:

For a free electron:

BiK2
:2m

E

Bragg reflection: when nd = 2q,n = +1,42.. .,
W%l.ves are reflected off the crystal lattice planes. Such

t}fl&ﬁ for
: 2t nm

A a

tﬁe only time-independent states are standing waves

k

rather than travelling waves as in the constant poten-

tial case:

(a)

P(+) = A/2[exp(jnrz/a) + exp(-—jﬁvrw/'a)] = Acos(nrz/a)

Y(—) = A/2[exp(jnmz/a) — exp(—jnwz/a)] = Ajsin(n7z/a)

- dhkl

(16)
(17)

While travelling waves have constant probability densities, the two standing waves pile up

chiarge preferentially either near (+) or away from (—) the atom cores. Since the electron potential

isiless near the positively charged ion cores, the energy of the two states are perturbed in opposite

directions from the value they would have in a constant averaged potential. The result is bands

o,f_ allowed energies divided by energy gaps where no allowed states exist.

U, potential energy

Traveling wave
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Kronig-Penney model

: We will look next at a very simple one-dimensional potential. Many of the essential features

of energy bands in real three-dimensional crystals appear in the analysis of this simple model.

Lattice ions Vix}
VO
" T J \ . . -
1 I I 1 tfufrpufl
|
5 |0 a atb
uz(x)—‘_/_;er:‘—-:q ix)
v

(b}
V=W; for —b<a2z<0,a<2<a+h, etc.
V=0 for0<z<a, etb<z<2a+b, etc.

- Bloch proved that solutions to Schrédinger’s equation in a periodic potential are of the form:

$(&) = u(@)e™

where u(z) is a function with the periodicity of the lattice.

(18)

| Assuming a solution of this type in 1D, it is straightiorward to find solutions for u(z) in the

tvjvo types of regions (I and II}. Substituting into S’s equation using the potential in each of the

régions:
i o? b .
61521 + 25 ]s:ﬂ — (k* — a®yu; = 0 (In region I)
& 7% + 23 k% — (K* — 8%u2 =0 (In region II)
| Bx? dz
where
. 2m(E — V;
‘ ot = 2?;2‘8 and (% = m{E - W) T )

. The solutions in the two regions are:

uy(z) = Ae¥@R7 | Be-ilathl  (In region I)

ua(z) = CellB-Fe 4 pe-ilBth)z

10

(In region II})

(19)
(20)

(21)
(22)




~ Each of these solutions has two unknown parameters. These parameters can be determined
u§ing the boundary conditions. Since ¥(z) and its derivative must be continuous, the same may
be said for u(z). Applying these conditions at the two interfaces between the regions (i.e., at 0
a1i1d a) gives four linear equations. The normalization condition must also be satisfled. Solutions
eJ;dst only if the four boundary condition equations are linearly dependent. Using linear algebra,

it can be shown that a solution exists only if
— [(a2 + ﬁz) /2aﬁ] sin aa sin 86 4 cos aa cos Bl |= cos [k(a + b)]. (23)

aand B are known functions of E, so this represents a transcendental relationship between £

arixd k which could be solved (graphically or numerically).

It turns that out since the right hand side is always between £1, only certain values of £
a.lflow solutions. We can see this more clearly if we do a further simplification. Assume that
V{E; — oo while b — 0, keeping the product Vob constant. In that case (23) reduces to

sin o
P + cos aa = cos ka (24)
aa

Witere P = mVpba /B .

| Once again, the right side is limited to values in the range +1, so only certain values of & and
t}ims E allow solutions. ‘This gives alternating bands of allowed and disallowqd energy values.
: | P % +cost’a/. : '

77

Allowed 7
band
_Mé f'f
Forbidden gap : :
o'D
Allowed Z % !
band f/; ]
Forbi e
orbidden gap Fa
' : 2 ng : AA
© An energy versus wavevector {F vs k) relationship
a,éf shown to the right can also be calculated.
Fres-electron
© As the potentials get stronger (P increases) the 8:;‘;‘:2‘;2”7
bands get narrower, approaching discrete levels like
in an isolated atom. As the potential variation gets
weaker, the bands broaden until eventually all energieé
are allowed as in the case of the free electron.
ka
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Extended and reduced zone scheme

As stated previously, in a periodic potential, the solutions to Schrédinger’s equation are Bloch

functions:

wla.vefunctidn solutions:

% (%) = u(@)e**

where u(z} is a function with the periodicity of the lattice.

(25)

Below is an example of how the periodic function and the plane wave combine to give the

(a) ¥(r)

{a) U

d) e+

b W

NN

One of the properties of Bloch function solutions is their periodicity in k. In 1D, let &' =

k-i:;.jl}wr/a and Yp(z) = up(z)expjk'z

Yu(z) = up(e) exp jh'z = [up (@) exp (~j2nmz/a)) exp jhz = up(z) exp Thkz = Y (z)

(26)

Thus the wavefunction for &' and k are identical if k' and % differ by n7/a (a reciprocal lattice

Vector in 3D). We can therefore only consider the energy bands for k near the origin. This is

called the reduced zone scheme. All larger values can be mapped into that region of k-space

|
w{luch is called the first Brillouin zomne. \4 AN /E % |
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, So far we have dealt primarily with one dimension. For a real crystal, the periodicity of the

lajttice and thus the Bragg reflections change as a function of direction. Therefore, the shape of

the energy bands will also change depending on the direction of &.

CORDUETION .{ éﬁ?ﬁ‘m’j -
= 7 . il
. ﬁ%‘![!j’l%}_ ‘,}37 “\;\,‘517////#‘?‘

//Ill’i n-gkg P -

-

A 3D band structure is often represented in 1D by looking only at the directions of highest

symmetry where the maxima and minima generally lic. Those maxima and minima do not in

gén_era.l occur at the same value of E.

i 13




Response of electrons to external forces.

We saw before that,

18E 1= .
Vg = EE ’T:VEE in 3D

or ¥g =

dE OFdk dk
F'Ug—'E-—— %E—h&?’ﬂg
L, dk d(hk) dp
| Fehp =@ ~ &
Cfompare to classical:
B _dv _ d(mv) dp
! Fema=mag=—0—"=%

I

For & constant force, F' = ¢€ and dE/dt = Fuv, (work done by a force).

(27)

(28)

(29)

(30)

hk is crystal momentum and includes only the effects of external fields not internal {crystal

_dvg _Ovgdk _Fov, FOE
T dt ~ 8k dt  h 8k  K®Ok?

-

Again compare to Newton’s Law F' = ma:

i
ak?

m — m::hz(

la;‘ttice) forces. The effect of the lattice potential is reflected in the E vs. k diagram (9E/0k).

(31)

(32)

m;,: is the effective mass of the electron and is a function of the radius of curvature of the E

vs k curve at the given value of k. Large curvature results in small effective mass. Using the

e'ffective mass an electron can be treated as a free particle with a reduced mass that accounts for

t]ffl.e effects of the lattice potential.

For conduction band: _

| ——32E >0 m; > 0
—

Ok? e

E,

| For valence band

E

o

/-.;m\‘;ko

\J’” ()

k

o5

* [}
ok <0 — m, <0l

D
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(39)

ue to Bragg reflection the particle accelerates in direction opposite to force. Can be considered

1L ,
equivalent to a particle with a positive mass and positive charge (opposite of electron).
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The E vs. k curve is even (E(k) = E(—k)) so the electron velocity (derivative) is odd.

herefore for a full band, for every electron with a given velocity there is another electron with

e opposite velocity. The conduction band is nearly empty so the current density (current per

unit area) is given by

T = 5 D= (35)

The valence band is nearly full

T=gilan=y ¥ (du-g ¥ (-gu (36)

Filled band Empty states

and no current can flow in a full band so

1

l=0-5 ¥ (gu=y ¥ (w (37)

Empty states Empty states

T}he behavior of the conduction band can be expressed by treating the vacant states as if they

!

were particles called “holes”,

my (k) = —my(k), gn = —¢e ' : (38)

{c) {d)

Figure 1.7 Fluid analogy for a semiconductor. {a) and (b) No flow can occur in
either the completely filled or completely empty tube. () and (d) Fluid can move in
both ‘tubes if some of it is transferred from the filled tube to the empty one, leaving
unfilled volume in the lower tube.

15




‘ The hole concept is very useful for valence band. It is easier to describe the behavior of a few
erjnpty states than of many full states. In general m* is not a constant but we will approximate
t}fle bands by parabolas (constant curvature) since the full states in the conduction band are all

n%:ar the bottom while the empty states in the valence band are near the top.

{ / hziﬁk—k:ﬁ .
i ] € i
k i

.‘ |

X PN
=3 _— 0
E ~ Ey o, (40)

}
; L
, ke k

In a real semiconductor the band structures are more complex.

e direct and indirect band gaps (phonon interactions)
» multiple valence bands with different curvature (heavy and light holes)

o multiple conduction band minimima

e elliptical rather than spherical minima (1/m? & 1/3(1/m, +1/m,+1/m,), inverse effective
mass actually a tensor, k*/m* — kM kT, m;' = 8°E/0k;0k;) ’ =

ian

ij

0.36ev

7 é§|=.; ).3
f

N

> = c d

1 1 1 3 i 3
‘3{111]-—k--{100]2-‘ %[111}-~k—-—[100}2—‘ ‘!Eﬁﬂ]-——k—«[mo]lE

Ge Si GaAs

{a) (b} c)

Figure 6.10, The energy bands in momentum space for the
important semiconductors, at 300°K: (a) Ge; (b} Si; (c) GaAs.
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Intrinsic Carrier Concentration

Carrier Concentration = Density of States x Occupation Probability

Density of States: Assume parabolic approximation. Rectangular crystal of dimensions

Ly Ly, L, and atomic dimensions I,1,,1.. Then there are

L, L, L,
e = 7 ny:"l’ﬁ Ty =
7

L

di:ﬁ'erent values of &, k,, k., per band (states). From reduced zone model, each band has a size
e(iuai to a Brillouin zone (27 /l;,27/l,,2n /1,). Therefore the spacing of states in k-space is given

by
|
Ak, = 2rfl, 2m

|

H —

i - ?
| Ty L,

We could also see this since, for a finite crystal, the solutions must have the periodicity of the

ete, (41)

Wilole crystal so k, = 2nx/L,, etc.
Volume per state (1/2 included to account for spin) is given by

3
SARAR AR, = )

42
2L, L,L, (42)

The number of allowed states in a spherical shell of radius |k|

and thickness dk is the ratio of shell volume to volume per state.

AN’ =

ankidk 12\
= (2 L.L,L.dk 43
(27)3/2L,L,L, ( ) ¥ (43)

T

The density of states per unit crystal volume then is

aN = (’I?’) ak (44

™

Using the assumed parabolic relation between energy and wavevector, the density states per

c}i_ange in energy is
; 4 .
dN = “2(2m2)*/*(E — Eo)/*dE = No(E)dE (45)

Ng is the density of states in the conduction band (Ne(E¢) = 0, Ne(E) > 0 for E > Eg).

A similar expression can be derived for the valence band.

dN(valence) = %(Zm}“l)?’/z(lfv - E)M*dE = Ny(E)dE (48)

17




Probability of Occupation

o Fach level is a cell into which one or more particles can be placed.

¢ Calculate number of ways in which n particles can be arranged in those cells using the

applicable rules and with total energy fixed.

» Proper distribution maximizes the number W of such arrangements. S = klaW. G =

E-TS.

! There are three main distributions

1. Classical: any number of distinguishable particles per cell/state. Maxwell-Boltzmann dis-
tribution:

fun(B) = exp (~ =) (47)

2. Quantum: indistinguishable particles with symmetric wave functions (bosons, ie. photons,

phonons), unlimited number of particles per state. Bose-Einstein distribution:

1
exp (-]-g—T—) -1

3. Pauli exclusion principle: indistinguishable particles with antisymmetric wavefunctions

fpe(E) = (48)

(fermions, ie. electrons}, up to two particles per state (opposite spins). Fermi-Dirac distri-

bution:
1
fen(B) = ex (E = Ef) +1 )
PAT%T ,
E}p = Fermi level = maximum energy of occupied state at 0°K. Jrp(Ey) = 1/2
| 71E)
f”’{f} A . - T-0°K

o5k N ol
0 {a)
& E :

{b) - 4 #(8)

Figure 6.14. The probability of occupation dependence on energy:
(a) the Maxwell--Bolizmann distribution; (b) the Fermi-Dirac¢ : .
distribution for three temperatures T3> 72> T1=0°K. “ E

18 0 . Eg
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Two limiting cases (Boltzmann approximation)

E - Ef > 4kT @ frp — fMB((E — E_f)) = exXp (“E’:TEf) <1 (50)
E— Ef < —4kT fFD —1— fMB((Ef - E)) =1- €XD (E;TEf) ~1 (51)

To calculate the carrier concentration, the product of the density of available states must be

ultiplied by the probability of occupation and integrated over the band.

n= [ fep(BYNG(E)E ~ [~ fuus(E — B)No(E)IE (52)

since for intrinsic material the Fermi level is near the center of the band gap, well below the

|
conduction band minima. Similarly,

By Ey
= [ (1= fep(B)Nv(E)dE ~ /_ " fun(Ey - B)Ny(E)dE (53)

As long as the Boltzmann approximation is valid these integrals can be rewritten as

B e 372

n = Ngexp (—-E—gﬁﬁ) ;i Ng=2 (%—nﬁﬂ) (54)
E;—E 2rmi kT

p=Nyexp (-2 BY); =2 (2T (55

wlhere N¢g and Ny are the effective density of states for the conduction and valence band respec-

ti%vely. They represent the equivalent density of states at the minima of the conduction band or

t}|1e maxima of the valence band that would give the same electron and hole concentrations as

| ) :
the actual distribution of states in the bands. Equations (5%) and (5'.$ are only valid when the

Boltzmann approximation is valid.

In silicon Ng = 2.8 x 10%cm~3 and Ny = 1 x 10%cm~2 at 25°C.

£t et )
Ne AEIN(E)
Area=n;

£ =kT _

|
£, =kT i II—__ Arca=pn;
N, ; 11 — AEVNED
| -
1
B

(a) (b) (c)
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i Conduction Effective Mass vs Density of States Effective Mass

Conduction eflective mass is proper effective mass and is used to determine the effect on a

carrier of applied forces (e.g., electric field).

For a material with elliptically-symmetric conduction band minima (e.g., silicon, germanium,

igl(i+m1._+i):%(i+i) (56)

For a material with two spherically-symmetric valence band maxima: (e.g., silicon, germa-

GaAs):

mlum, GaAs):

3/2 3/2
« o epmiy + Npmp,  mpy, / My, +mj), / mp,
my, = = * 3/2 + 3/2 (57)
Nipp -+ Ny, mp,~'* +my),

The density of states effective mass is a quantity calculated so that the density of states

equation derived for materials with only a single spherically-symmetric conduction band minima

valence band maxima can be used for other materials as well.

2rmikT 8/
Ne =2 (h—)

For example, in silicon where the conduction band has six equivalent minima,
"“n’::r(dosi)3!'2 = 6(’rn’mTn?fn"‘"z)1/2 = G(mtzml)llz (58)

M09y = 67°m*Pm M/ (59)

and the valence band has two different maxima,

Witaos) = mmn™® + my? (60)
2/3
Mh(dos) = (mhhsl E 2) . (61)

Values for silicon, germanium and GaAs are given in text.
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Summary — Energy Bands

e Shape of energy bands depends on periodic potential.

o The energy bands determine the electronic properties of the material.

e Bandgap determines conductivity:
- No gap (overlapping or partially
filled bands) — metal

— Small gap — semiconductor

— Large gap — insulator

» Shape of minima/maxima determines
electron/hole mobility and density of

states

® Direct/indirect bandgap determines

light interactions

Number of intrinsic carriers (n;) as 1000 500 300 200

W T T T 1
F(T) for 3 common semiconductors. n;
increases as temperature increases and 10"
energy gap decreases. B :
1015

s AN
Ey%a BLT-1) \\

T
H

Intrinsic-carrier density #;, em~3
I
v
w
|

N

21 Temperature, TK




Doping in Semiconductors

Multiplying together our expressions for n and p,

e — Ly B
np = NN, exp—E o & KTaexp—ﬁ (62)

K = constant, E;=1.12¢V in Si at 27°C

np = f(f(E), N(E)) only.

np independent of impurities.
e np independent of E;.
e np = 2.1 x 10*°cm—" for Si at 27°C.

In a pure semiconductor, p = n = n;.

n; = y/N.N, exp _2k;’ = 1.45 x 10°%m~3 for Si at 27°C. (63)
Also since n = p, 4
E.—E; s — E,
N exp— o7 N, exp o (64)
Therefore,
Ef(n=1p) = E = > (B.+ B, + kT1 N)
ARER =5y nNc
1
=5 (E.+ E, )-|- (65)
1
= 5 (Ec _]' Ev)

The intrinsic Fermi level is just below midgap.

For both doped and undoped semiconductors:

n = n; exp Efkf_FE (66)
E; - E
p=niexp — ! (67)

To increase the conductivity of a pure (intrinsic) GD@EQ‘| @@

semiconductor, it is possible to add impurity atoms to @ @ @ @ @
P B

the lattice that will donate (valence 5, ie, P, As, Sb) @@ @. .@@@

or accept (valence 3, ie, B) electrons resulting in the @ @ @ @ i @ I
Extra

creation of additional conduction electrons or holes, . @ .@. .@.@.

respectively.
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Dopant atoms occupy substitutional lattice sites and the extra electron or hole is very loosely
bound. In other words they can easily move to the conduction and valence bands, respectively,

with only small thermal excitations.

Imagine a Bohr-type atom (like hydrogen atom). Balancing cen-

tripetal force and electric attraction:

2 *, 2
4 _ mev
4rer? r

For the lowest energy level, the DeBroglic wavelength is given by:

h h
rr =A==
P miv
h
P = .
2rmir

Substituting,

hle € Mg
pr = p—rn =rg ("é;) (m*) y (6_8)

where rg is the radius of the electron orbit in a hydrogen atom and e, is the permittivity of free
space. Therelore, the radius of the eleciron orbit is about 50 times that of a hydrogen atom and
the extra electron ranges over a large portion of the lattice, which has a atomic spacing of less

than 5 times the atomic radius of hydrogen.

The energy of that electron is given by the sum of the kinetic and potential energy.

2 2
miv q

FE =

2 dmer

-l ()
87!'607‘1:{ 6‘|‘
€. mm

{ w . .
where Ef is —13.6 eV. Therefore, for silicon the ionization energy for an impurity is approx-

&

imately 0.025eV, while the average electron thermal energy at room temperature is about
0.026 eV. As we will see later, at room temperature virtually all shallow donors and acceptors

are ionized.
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For every free electron or hole which results from the ionization of a substitutional impurity,

an oppositely charged impurity ion also results. The result is the charge neutrality condition.

n+ N, Zp+ Nf (70)
A:—/\__?I:_J

Assuming that all impurities are ionized,
p—ngNa—Nd (71)

Combining this expression with the law of mass action (np = n;?), the hole and electron concen-
tration can be calculated as a function of the net doping, N; — N,. For material heavily doped
enough to be extrinsic (JNg — N,| > n;) with only a single dopant type, the minority carrier

concentration can be neglected relative to the majority carrier concentration:

n—type

n ™ Ny— Noy  pn =02 /(Ng— N,) (72)

Py =N, — Ng; np= nz'z/(Na. - Nd)l (73)

p—type '
But for very lightly-doped material or at high temperatures, the mass-action and charge-neutrality
equations must be solved simultaneously to find the carrier concentrations. The Fermi level can

be found based on knowledge of the carrier concentration using Equations (38) and (39)

@zm—wm%=&+wm% (74)

As temperature increases, n; increases and so n and p tend to become more nearly equal. In

addition, the energy gap also narrows slowly with temperature.

1 T I [
0.6 Conduction band edge E, @
\-( | 1018 .
0.4 <" o
0.2 |_1016 ;7 Donor impurity, em™3
‘ L1015
_1014
B o - L1+
1 015
0z ~—101¢ A q a -3
ccepter impurity, em
“—-1017
. —/”_(*--]013
0.6 Valence band edge E,
[ | ! l
0 100 200 340 400 500

Temperature, K




Summary — Shallow Dopants at Equilibrium

Assumptions:

1. Complete impurity ionization (N = Ny, N = N,)

2. Thermal equilibrium

Equations:

Charge neutrality:

n—p+ N7 ~NfZ0

[

Mass Action (Equilibrium): np = n}
Fermi-Dirac Distributi #(E) !
ermi-Di istribution: =
T Tistnbihon 1+exp[(E — Ey)/kT]
Maxwell-Boltzmann Approximation: f(F) 2 exp (—E ;TEf ) (valid for £ — E; > 3kT)
F(E)21—exp (E ;TEf) (valid for E — E; < —3kT)
E; — E; E,—FE
Carrier concentrations: n = 7; eXp f T = N exp— T el
E;, — E;—E,
P=niexp— i = N,exp — fkT
n?
Extrinsic Semiconductors: n, X N} — N; Ny = - : NF
e — V4
~_ M & (No — N}
pn:N;-—N; pp—(u_ d
N, ~ N,
Ef—Ec=—lenN;_N; Ef_Eu:lenml
n-type p-type
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Low Temperature

I B A
- #
» a
!
L E
BB i Electron concentration as f(T) for
= L ! 5 ith N, = 16 for3 N
2 = k__ EXTONSIC _” ’,: Si doped with Ny = 1 x 10'%/cm®. Nor-
L B { mal operation of semiconductor device
= N 4 I 7 - - .
1} ;- is in the extrinsic conductivity range
[~ "-';I 7] where purposely introduced impurities
B /o . .
» ,I - control the electrical properties.
o V4 -
N AR T R R R el
0 100 200 300 400 500 600 700
T(K)

At low temperatures, freezeout of the impurities occurs (insufficient thermal energy to

excite electrons the =~ 0.05¢V" from E; to E.} and

Ny
1+ (1/2)exp{Ey — E;)/kT

T 2 spins of electron in donor level

N = N
S +lpexp(E, — Ef) /kT

" 2 spins x 2 valence bands in Si. Ge, GaAs
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E

Ey

E% : | Vo

Degeneracy

‘mzzzzaf’

ah

P

///

—»

E; must move up so f(E) will increase in the conduction band as to increase the proba-

bility of ¢” being there.
When E; increases, 1 — f(E} decreases in the valence band. Therefore, p decreases.

J{E) at Ey must be low if these states are to all be ionized (i.e., E; < E,).
This implies that E; = E; or in CB = degenerate state.

This happens at doping levels comparable to effective densities of states N, and N,. Ny

or N, ~ 10" /em?®.
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Deep Donors or Acceptors

Suppose we add an impurity whose E 2
donor level is not very close to the con-

duction band (E. — E; > 4kT). What = =  — —m— — === — v — — = E d

are n, p, £4?

Cannot assume n = N in this case.

Thermal energy may not be enough to

ionize all impurities.

Pr{e™ occupies donor state} (not ionized) is given by:

Ef <Es—3kT: f(E)=exp (—Eik—‘f-}'ﬁ)

E; > E;+ 3kT : 1—f(E) = exp (_ﬁ%}ﬂ)

Therefore, the number of ionized donors is:

E; <E;—3kT: NN, [1 — exp (_Edk}Ef}}

[

Pr{e™ is not there}

Ey > E;+3kT . N} = Nyexp (—E'f_k;%{)

|
(Exact expressions in class notes page Zbl‘.)
Neutrality: 2=p+ N7 « ionized donors
- +
How do we calculate E;? Substitute expressions in neutrality condition.

E;—E.\ _ Ey - Ef)
N, exp ( o7 ) = Ngexp (T (assume p < n)
But,
Eq— By = (B4 — Ec) —(Ey - E.)
(N —
known

Therefore, the only unknown is (E; — E:) which can be solved for. Once Ey is known, then

(assuming Nj > n;): .
T

NG

n= N and p=
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Some specific examples

Example 1.

Suppose we have a silicon bar with both donor and acceptor impurities (shallow) present.
For example,
10" /em® Arsenic
5 X 10'® /cm® Boron

both shallow =—> complete ionization

Thus,
p=N,— Ny=4.9x10"%/cm®
= M =~ 46%103/em?
n N, - N, X /em
N,
E/y=E, +kTlhh ————
f v+ 1l ANa - Jvd
= 0.133¢V above valence band.
E, ——————— £,
Therefore, p dopant dominates and
Ey is near the valence band.
E (B gm0 o o — —_— s
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Example 2.

Suppose we now add to the above silicon an impurity which adds deep level states within

the band gap.

—+ E”-—T—_.—_ﬁ_,j

0,75eV

If the Au concentration is 1 x 10*®,em® . What are n, p, E; ?

Since {Auj < [B! — 'As], assume E; approximately the same.
Therefore,

1. Au donor states will be ionized since E; < E, and, therefore, f(E) =~ 0 and ¢~ will not

occupy doner states.

2. Au acceptor states will not be ionized since E; < E, and, therefore, 1 — f(E) = 1 and

e~ will not occupy acceptor states.

Therefore.
p= N,

33

— Ny, — Ny, =48 x10"%/em?®

n? ‘ )
n =47 %108 em®
P

J\'Y,_,
I\?a B A‘d As

= (0.134 ¢V above valence band

Ey —E, =kTn

- ]\-dA u

Thus, the net carrier concentrations and E; have been only slightly changed. The Au has

slightly decreased p. Therefore. p increases very slightl_x-;.
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Example 3.
Suppose we had only the deep lying impurity Au in otherwise intrinsic Si.

It is reasonable to expect that some

Avu atoms will act as acceptors and some

as donors. Since levels are deep, n and

Ee T

5,75V p will be small {but likely the dominant
EO. T T T ' will be greater than =,).
08beV = ~— — ———— Ed Also, probably the silicon will be-
& come p type because E, is closer to E,
Ev ' than E; is to E, {e.g.. easier to ionize
h* than e™).
Let N = number of Au atoms/cm?.
The number of ionized donors is given by
1
Nj=(N-N)l1-
a = { <) { 1+exp(Ed—Ef/kT_)}

Pr{e~is not there}

The number of lonized acceptors is given by

1
N, = (N—=N;
« = a) [l+exp(Ea—Ef/kT)J
Pr{e is there}

{These expressions use F-D statistics. Once the Fermi level is approximately located, simpler

M-B expressions could be used.)

We also note that
N4+ NT+ Nt N

where N* —neutral Au atoms.

. Ec - EF
Also. n = Nc exp — “®T
. E; - E,
= N - A—
P v €XP T

n+ N7 = p+ N

This gives us 6 equations with 6 unknowns {n,p, E 7+ N7, NJ,N*). Therefore, there is a
unique solution aithough it is not trivial to obtain! In many instances the problem can be

greatly simplified by making the appropriate assumptions about the location of the Fermi

level.
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